Abstract. Recently, it is shown that each regular homogeneous Finsler space M admits at least one homogeneous geodesic through any point o ∈ M . The purpose of this article is to study the existence of homogeneous geodesics on singular homogeneous (α, β)-spaces, specially, homogeneous Kropina spaces. We show that any homogeneous Kropina space admits at least one homogeneous geodesic through any point. It is shown that, under some conditions, the same result is true for any (α, β)-homogeneous space. Also, in the case of homogeneous Kropina space of Douglas type, a necessary and sufficient condition for a vector to be a geodesic vector is given. Finally, as an example, homogeneous geodesics of 3-dimensional nonunimodular real Lie groups equipped with a left invariant Randers metric of Douglas type are investigated.
Introduction
A geodesic γ : R −→ M of a Finslerian manifold (M, F ) is called a homogeneous geodesic if there exists a one-parameter group of isometries φ : R × M −→ M such that γ(t) = φ(t, γ(0)), t ∈ R.
The problem of the existence of homogeneous geodesics on homogeneous manifolds is an interesting and relatively old problem in differential geometry (see [11] and the references therein).
In [14] , in the case of Lie groups equipped with left invariant metrics, Kajzer showed that there exists at least one homogeneous geodesic passing the identity element. Szenthe, in [27] , proved that if the Lie group is also compact, connected, semi-simple and of rank greater than one, then there are infinitely many homogeneous geodesics through the identity. One year later, in 2001 (see [28] ), he generalized Kajzer's result for left invariant Lagrangian on compact connected Lie groups. Also in the case of compact connected semi-simple Lie groups of rank greater than one, he proved that there are infinitely many homogeneous geodesics for left invariant Lagrangian. In [16] , Kowalski and Szenthe extended Kajzer's result to homogeneous Riemannian manifolds. They also proved that a homogeneous Riemannian manifold M = G/H with semi-simple group G admits m = dim(M ) mutually orthogonal homogeneous geodesics. On the other hand, homogeneous geodesics have found many applications in mechanics. They are usually called relative equilibria or stationary geodesic in physics literature (for more details see [2, 6, 7, 19, 23, 24, 29] ). For example in the cases of Lagrangian and Hamiltonian systems, Tóth studied trajectories which are orbits of a one-parameter symmetry group G. He obtained criteria under which an orbit of a one-parameter subgroup of a symmetry group is a solution of the Euler-Lagrange or Hamiltonian equations (see [29] ). As another example, see [19] , where Lacomba has used homogeneous geodesics in the framework of Smale's mechanical systems with symmetry. Recently, homogeneous geodesics on homogeneous Finsler spaces have been studied by many researchers. In the case of homogeneous Finsler space, a criterion for a nonzero vector to be a geodesic vector, was given by Latifi in [20] . Yan and Deng [31] investigated the existence of homogeneous geodesics on Randers spaces. They proved that every homogeneous Randers space admits at least a homogeneous geodesic through any point. In 2017, Yan extended this result to any homogeneous Finsler space of odd dimension (see [30] ). Recently, in [32] , Yan and Huang proved that any regular homogeneous Finsler spaces admits at least one homogeneous geodesic through each point. They have used Legendre transformation, which is a bijection for regular Finsler metrics, to find nonzero geodesic vectors. The family of (α, β)-metrics is an interesting class of Finsler metrics which have many applications in physics. In this paper we study the problem of existence of homogeneous geodesics on singular homogeneous (α, β)-spaces, specially, homogeneous Kropina spaces. It is shown that, there exists at least one homogeneous geodesic through any point of an arbitrary homogeneous Kropina space. We prove that, under some conditions, the same result is true for any (α, β)-homogeneous space. In the case of homogeneous Kropina space of Douglas type, we show that a nonzero vector is a geodesic vector of the Kropina metric if and only if it is a geodesic vector of it's base Riemannian metric. Homogeneous geodesics of 3-dimensional non-unimodular real Lie groups equipped with left invariant Randers metrics of Douglas type are investigated at the end of the paper.
Preliminaries
This section contains some preliminaries about Finsler spaces. As Chern mentioned in the title of his article [4] , "Finsler geometry is just Riemannian geometry without the quadratic restriction". In fact, in 1854, Riemann has introduced a metric as a positive (when the vector y is not equal to zero) function on the tangent bundle which is homogeneous of degree one in y. Finsler worked on this general case in his doctoral thesis (see [12] ). But Finsler's name established in differential geometry with the book [3] written by Cartan. Consider a differentiable manifold M and denote its tangent bundle by T M . A Finsler metric on M is a smooth function F :
ii) The hessian matrix (g ij ) = 1 2 ∂ 2 F 2 ∂y i ∂y j be positive definite for all (x, y) ∈ T M \{0}. An important family of Finsler metrics is the class of (α, β)-metrics which arises from Riemannian metrics and 1-forms (see [21] ). More precisely, (α, β)-metrics can be expressed in the form F = αφ( β α ), where φ : (−b 0 , b 0 ) −→ R + is a C ∞ function and α(x, y) = a ij y i y j and β(x, y) = b i y i , and a and β are a Riemannian metric and a 1-form respectively, as follows
It can be shown that, F is a regular Finsler metric if φ satisfying
and
where (a ij (x)) is the inverse matrix of (a ij (x)) (for more details see [5] (which are singular), respectively. Easily we can see the Riemannian metric a induces an inner product on any cotangent space T * x M . This inner product induces a linear isomorphism between T * x M and T x M (see [9] ). Using this isomorphism, the 1-form β corresponds to a vector fieldX on M such that
Now we can rewrite the Randers and Kropina metrics as follows
Homogeneous Finsler spaces are defined similar to the Riemannian case. A homogeneous
Finsler space is a Finslerian manifold (M, F ) on which its isometry group I(M, F ) acts transitively on M . So, a connected homogeneous Finsler space M can be considered of the form M = G/H where G is a connected Lie group of isometries of M , acting transitively on M , and H is the isotropy subgroup of a point in M . A homogeneous space M = G/H is said to be reductive if there exists an Ad(H)-invariant decomposition g = m + h, where g and h denote the Lie algebras of G and H, respectively and + is the direct sum of subspaces. It is well known that any homogeneous Riemannian manifold is a reductive homogeneous space (see [15, 16] ). The same proposition is true for any homogeneous Finsler space (see [20] ). As in the Riemannian homogeneous spaces the definition of homogeneous geodesic can be extended to homogeneous Finsler spaces as follows:
Definition 2.1. Let (M = G/H, F ) be a homogeneous Finsler space. A non-zero vector X ∈ g is said to be a geodesic vector if the curve γ(t) = exp tX.o is a geodesic of (M = G/H, F ).
Consider a Riemannian homogeneous space (M = G/H, a ) with a reductive decomposition g = m + h. In [17] , Kowalski and Vanhecke proved that X ∈ g \ {0} is a geodesic vector if and only if
where the subscript m indicates the projection into the subspace m. This proposition is generalized to homogeneous Finsler spaces by Latifi as follows (see [20] ): Theorem 2.2. A nonzero X ∈ g is a geodesic vector if and only if
where g denotes the fundamental tensor of F on m.
As a consequence he proved the following corollary.
Corollary 2.3.
A nonzero X ∈ g is a geodesic vector if and only if
Notation 2.4. For simplicity, from now on we use the notation , for the Riemannian metric a.
Homogeneous geodesic in homogeneous Kropina spaces
As already mentioned in the introduction, Kowalsky and Szenthe showed that any homogeneous Riemannian space admits at least one homogeneous geodesic on each origin point (see [16] ). Yan and S. Deng generalized this result to homogeneous Randers spaces in [31] . In this section we show that the same result is true for homogeneous Kropina spaces. Firstly, we give a necessary and sufficient condition for a nonzero vector in a homogeneous Kropina spaces to be a geodesic vector.
Proposition 3.1. Suppose that (G/H, F ) is a homogeneous Finsler space and F is a Kropina metric arising from an invariant Riemannian metric , and an invariant vector fieldX such that X =X(H). Then, a nonzero vector Y ∈ g is a geodesic vector if and only if
holds for every Z ∈ m.
Proof. A nonzero vector Y ∈ g is a geodesic vector if and only if
Using the formula (2.5) in [25] we have
For Y m = 0 the inequality 
A direct consequence of the above proposition is the following corollary.
Corollary 3.2. Consider the assumption of the previous proposition. Then the vector X is a geodesic vector of (G/H, , ) if and only if it is a geodesic vector of (G/H, F ). 
The above equation completes the proof.
In [31] , it is shown that on any homogeneous Randers space (G/H, F ), there is at least one homogeneous geodesic issuing from each origin point. In a similar way we show that the same result is true for any homogeneous Kropina space.
Proposition 3.4. Suppose that (M, F ) is a homogeneous manifold with a Kropina metric F . Then there is at least one homogeneous geodesic issuing from each origin point.
Proof. Let G be a connected Lie group of isometries acting transitively on M , and H be the isotropy group of a point o ∈ M . Suppose that K and radK denote the Killing form and it's null space, respectively. We recall that the null space radK is a solvable ideal of g, so it is included in the radical of g denoted by r (see [13] ). Let m = h ⊥ . Then, since K is nondegenerate on h, g = h + m is a reductive decomposition and radK ⊆ m (see [16] ). Assume that F is defined by a G-invariant Riemannian metric , and a vector fieldX such that X =X(H). Also, we denote the corresponding scalar product on m and the Ad(H)-invariant vector on m by , and X, respectively. There are two cases: vector. An easy computation shows that F (W ) = 1 and so for any Z ∈ m we have 
The above equation equals zero if the following equations have a solution of the form (Y 0 , y 1 , y 2 , · · · , y r , t):
In the case X = X 0 , we easily obtain the following solution:
In the case X = X 0 , without loss of generality, we can assume that 
So there exists t = t 0 such that M (t 0 ) = 0 and F (Y (t 0 )) > 0. We observe that Y 0 = X 0 , y i = y i (t 0 ) and t = t 0 is a solution and it completes the proof.
Homogeneous Geodesics in Homogeneous (α, β)-Spaces
In this section we investigate homogeneous geodesics on homogeneous Finsler spaces equipped with (α, β)-metrics and obtain interesting results.
Proposition 4.1. Suppose that (M = G/H, F ) is a homogeneous Finslerian manifold and F is an invariant (α, β)-metric defined by an invariant Riemannian metric , and an invariant vector fieldX on M such that X =X(H) is a geodesic vector with respect to the Riemannian metric , . Then (M, F ) admits a homogeneous geodesic through any point.
Proof. X is a geodesic vector of the Riemannian manifold (M, , ). So, by theorem 2.2 of [26] , X is a geodesic vector of (M, F ). Hence at least one homogeneous geodesic through o exists.
The next proposition develops the main result of previous section to (α, β)-metrics with some conditions. We use some ideas from [16] in the proof. , then either at least one homogeneous geodesic through any o ∈ M exists or M = G/H such that G is a semi-simple group.
Proof. The main idea is similar to that used in the proof of proposition 3 of [16] . Assume that G/H is an arbitrary representation of M , where G is a transitive Lie group of isometries. If we put o = H then there are two cases:
In the case (1), by attention to the part (A) of the proof of proposition 3 in [16] , there exists a geodesic vector Y = 0 for the Riemannian manifold (M, , ). Now, theorem 2.3 of [26] shows that Y is a geodesic vector of (M, F ). Thus, there exists at least one homogeneous geodesic through o. In the case (2), by attention to the part (B) of the proof of proposition 3 in [16] , the Lie group G is semi-simple.
Next, we discuss the existence of homogeneous geodesic through o on (M = G/H, F ) where G is a semi-simple group of isometries and F is an invariant (α, β)-metric induced by an invariant Riemannian metric , . For this, we consider the Killing form of g, denoted by K. We observe that K is a nondegenerate form on g and moreover, its restriction to h is nondegenerate. If g = m + h is the reductive decomposition such that m is the orthogonal complement of h with respect to K, then K is nondegenerate on m, too. Let , be the corresponding scalar product on m induced by the Riemannian metric , . Now we define an isomorphism θ of m onto m as follows:
It is easy to show that the corresponding matrix of θ and the corresponding matrix of K are equal with respect to a , -orthonormal basis of m. So m admits an , -orthonormal basis (f 1 , · · · , f m ) of eigenvectors (for more details see [16] ). Proof. Likewise the proof of theorem 1 in [16] , we can show that each eigenvector f i is a geodesic vector of (M, , ). So according to the theorem 2.3 in [26] , it is a geodesic vector of (M, F ) and this completes the proof.
Proposition 4.4. Let (M, F ) be as in the previous proposition and ρ ⊆ g satisfies the following conditions a) Ad(H)(ρ) ⊆ ρ, b) ρ is irreducible with respect to the restriction of adjoint representation to H, c) K is nondegenerate on ρ, and ρ is K-orthogonal to h.
Then the nonzero elements of ρ are geodesic vectors of (M, F ).
Proof. According to the theorem 2 in [16] , all nonzero element of ρ are geodesic vectors with respect to , . So, using the theorem 2.3 in [26] , show that these elements are geodesic vectors of (M, F ). 
where b is the induced inner product on m by a and the subscript m means the corresponding projection.
In the literature, there are two different definitions of naturally reductive Finsler manifolds (see [8] and [20] ). One of them which is defined by Deng and Hou in [8] , is as follows Proof. By theorem 2 in [16] , all element belonging to m are geodesic vectors of (M, , ). Hence with the assumptions and notations of theorem 2.3 in [26] , these are geodesic vectors of (M, F ) and so by theorem 3.1 in [10] (M, F ) is naturally reductive.
In the end we discuss concerning homogeneous geodesic vectors on 3-dimensional nonunimodular Lie groups equipped with invariant Randers metric of Douglas type. Suppose that G is a 3-dimensional non-unimodular Lie group with Lie algebra g equipped with a left invariant Riemannian metric , . Then, there exists an orthonormal basis {e 1 , e 2 , e 3 } of g such that the bracket is expressed as where α, β, γ, δ are real numbers such that α + δ = 0 and αγ + βδ = 0. This basis also diagonalizes the Ricci form (for more details see [22] ).
Denote D = (β + γ) 2 − 4αδ such that all Ricci eigenvalues are distinct. Then, up to a reparametrization, the space (G, , ) admits just one or just two or just three homogeneous geodesic through a point if D < 0 or D = 0 or D > 0, respectively (see [18] , proposition 3.2). Here we generalize this result as follow Proof. Using the corollary 2.7 in [31] , U is a geodesic vector of (G, F ) if and only if it is a geodesic vector of (G, , ). So we can use the same argument as in the proof of proposition 3.2 of [18] and prove this result.
